We consider population dynamics on a network of patches, each of which has a the same local dynamics, with different population scales (carrying capacities). It is reasonable to assume that if the patches are coupled by very fast migration the whole system will look like an individual patch with a large effective carrying capacity. This is called a "well-mixed" system. We show that, in general, it is not true that the well-mixed system has the same dynamics as each local patch. Different global dynamics can emerge from coupling, and usually must be figured out for each individual case. We give a general condition which must be satisfied for well-mixed systems to have the same dynamics as the constituent patches.
Many population models consider patches of habitat, each with a local birth-death dynamics, where the patches are coupled by diffusive migration [1, 2] . Here we will consider a special case where all the patches have the same local dynamics except for a parameter that gives the scale of the local mean population (carrying capacity). That is, we consider a metapopulation which can exchange between patches which are more or less favorable places to be.
Such models are notoriously complex and have rich behavior [2] . However, one particular case seems simple: suppose the migration rate is very fast, faster than any other rate in the problem. In this case all the populations will become equal on average. It is tempting to think that the autonomous dynamics of the total population will be the same as that on each patch with some sort of average carrying capacity, i.e., the whole system will act as one patch carrying the total population [3] . In this case the system is "well-mixed".
In this paper we will show that this common belief is false in general: there are tight restrictions for the type of dynamics that admits this type of homogenization. If these restrictions are not obeyed the dynamics of the emergent behavior of the total population can be different in nature from that of the individual patches. We will derive the restrictions on the dynamics and give examples of the sort of emergent behavior that we have described, first by using mean-field theory and then including fluctuations.
We first formulate in a more precise form the meaning of the idea that a total population of a number of local patches evolves like a larger population on a single patch. Let X be the size of a population. The population dynamics is driven by the birth-death processes X → X +r, each process associated with the rate W (X; r). We shall assume that the rate can be put into the form W (X; r) = Kw(x; r)
The number K is the carrying capacity. Now consider a connected network of N patches such that the local dynamics of the population X i is identical on each patch, but the carrying capacities, K i are different. That means the local birth-death processes are of the form X i → X i + r, with corresponding rates
The patches are connected by migration. We define the dynamics of the total population X = i X i to be well-mixed if it is driven by transitions X → X + r, with corresponding rates
where w(x; r) are local rates (1) . The numberK is the effective carrying capacity of the total population. This defines well-mixed population dynamics. Now assume that the rate of migration between patches is much larger than the local birth-death rates. We first consider the mean field limit, neglecting fluctuations which is appropriate for K i ∼ K ≫ 1. The mean-field equations arė
where D is migration rate, which is taken to be identical for all groups, and I i is the set of indices, associated with the patches, connected by migration to patch i. We are interested to see if for D → ∞, the total population is driven by the homogenized dynamics:
for some effective carrying capacityK. Consider a specific example first where the local dynamics displays the Allee effect [4] ; i.e. in a certain range of parameters the single patch dynamics is bistable: there is one stable state with finite population and another corresponding to local extinction. Our example for the local birth-death process is:
on each site, where K i is a local carrying capacity. We note that the rates have the canonical form (1). The mean-field equations are:
For D = 0 the local stable stationary states are found to be
.e., local bistability (Allee effect) is observed for λ 2 > (8/3)σµ. For large migration rates the local populations are approximately equal, X i = X/N , on the time-scale of local dynamics. The mean-field equation of motion for the total population can be derived by summing up the equations (4) to get rid of migration terms, and setting X i = X/N :
Comparing Eqs. (5) and (4) we see that the total population X follows a single-patch dynamics with the rescaled rateσ. Note that for equal local carrying capacities,
On the other hand, for different carrying capacities it can be shown thatσ > σ, i.e., the well-mixing condition is not satisfied. This can lead to a qualitative difference of the local dynamics and dynamics of the total population: specifically, the local dynamics is bistable for λ 2 > µ. In this case, even though each local population separately can be bistable, the total population in the presence of fast migration is driven to extinction for any initial distribution of local populations. Next we present an example illustrating this remarkable dynamics.
We consider the following dependence of the local carrying capacity on the (discrete) spatial coordinate i:
so that the carrying capacity is a periodic function of i, and the parameter ǫ determines the relative magnitude of these spatial variations, see Fig. 1a (dashed lines) . For sufficiently small ǫ the nontrivial nonzero state is stable. However, when ǫ exceeds the threshold determined by λ 2 = 8 3σ (ǫ)µ, the system is rapidly driven to extinction. Fig. 1a shows the spatial population profiles X i for two values of ǫ (above and below the threshold); Fig. 1b shows the corresponding time dependence of the total population X. In the general case the necessary condition for the wellmixing is obtained from Eq. (2) and (3) following similar manipulations. The condition for well-mixing is:
for someK. We can find the necessary and sufficient condition for well mixing beyond mean-field theory. Stochastic population dynamics is driven by the master equation for the probability distribution: (6) where W i (X i ; r) are local transition rates, (e i ) j = δ ij and DŴ 0 (X, r) is the migration operator:
We use on-site dynamics identical on all patches with different local carrying capacities K i We also assume the carrying capacities are large, K i = Kκ i , K ≫ 1. We seek the dynamics of total population X ≡ i X i in the limit D → ∞.
For K ≫ 1 we can use the eikonal approximation for the master equation (6) [5] [6] [7] [8] [9] [10] , looking for the probability distribution in the form P (X, t) = e −KS(x,t) (7)
For the quasistationary distribution we obtain HamiltonJacobi equation for the action S (x) [11] :
associated with the following Hamiltonian:
The Hamiltonian (8) generates the fluctuational dynamics of the system, in the sense that the most probable path of the system, leading from x i at t = t i to x f at t f can be shown [7] to correspond to Hamiltonian dynamics generated by (8) . To derive the fluctuational equations of motion for the (rescaled by K) total population, we do a canonical transformation from x and p to q i , Q and P i , P Q , i = 2, 3, ..., N :
In the new variables, the Hamiltonian is in the form
The total population Q and the conjugate momentum P Q are slow variables, evolving on the time-scale unity. The variables q i , P i are fast, evolving on the time-scale of migration ε ≡ D −1 . In zero order in ε the evolution of the total population is driven by the Hamiltonian:
which reflects the adiabatic slaving of the fast local populations q i , by the slow evolution of the total population Q, such that instantaneous sizes of the local populations are all equal, due to the fast migration. We outline the derivation below. This derivation generalizes the fast migration result presented in Ref. [12] . The Hamiltonian equations of motion in new variables and after rescaling of time t → Dt are:
where we use notation q = (q 2 , q 3 , ..., q N ) and P = (P 2 , P 3 , ..., P N ) for brevity.
We look for q i =q i (Q) + εq
(1) i and P i = εP (1) i , wherẽ q i (Q) is the stationary value of q i for the instantaneous value of Q. In the leading order in ε the first two lines in equations of motion (10) become
The first of Eqs.(11) determinesq i (Q), which is Q/N for the Hamiltonian (8) . In view of the functional form of the Hamiltonian, H 0 (q, Q, P) = P · h(q, Q) + O(ε 2 ), we obtain from the first of Eqs.(11)
to first order in ε. Combining the second of Eqs. (11) and Eq. (12) we derive
Using Eqs. (13) and coming back to the original dimensional time we rewrite the last two Eqs. (10) in the forṁ
where H slow (Q, P Q ) ≡ H 1 (q(Q), Q, 0, P Q ), Eq. (9) .
For simplicity of notation we omit the subscript of P Q in what follows. Using Eqs. (8) and (9) we derive:
This Hamiltonian drives the fluctuational dynamics of the total population Q.
In order that the total population follows an effective single-site dynamics with a rescaled carrying capacity (well-mixing), the Hamiltonian (14) must have the form of a single-site Hamiltonian:
The equivalence of expressions (14) and (15) gives the necessary and sufficient condition for well-mixing:
whereκ ≡KK −1 is the rescaled effective carrying capacity. To make further progress we assume that the on-site birth-death rates w (x; r) can be Taylor-expanded around x = 0:
Then condition (16) is equivalent to
The general solution of this equation for varying carrying capacities, κ i = κ j for some i, j, is
where n * is a fixed natural number. In other words, a rescaled carrying capacity can be found if and only if the on-site birth-death rates w (x; r) have the form
We note that for identical carrying capacities, κ i = 1 for all i, the condition (17) is satisfied for arbitrary a r n andκ = N , i.e., for identical carrying capacity the total population evolves like a single-site population with a carrying capacity rescaled by the number of sites N . Many population dynamics models have the form (18) for n * = 0, 2. For n * = 0, as in Poissonian process [13] ,
i.e., the carrying capacity is N times the arithmetic mean of the local carrying capacities. For n * = 2, as in logistic growth [14] ,κ
i.e., the carrying capacity is N times the harmonic mean of the local carrying capacities.
In this paper we have shown that a notion that seems to be completely obvious is false. It is not true, in general, that if we mix very fast, a metapopulation with identical dynamics on patches of habitat (with different carrying capacities) will synchronize to act like a single population with the same dynamics.
The notion is true in very simple special cases: in effect, if the local dynamics is characterized by just one parameter (the carrying capacity) then fast migration can only average things. Most examples that come to mind are exactly of this sort. But if, as in the case of the Allee effect, there is another relevant parameter, then it can change too, and the qualitative behavior of the synchronized population can be different from that of any individual patch.
For the general case, only if Eq. (16) is obeyed, do we have the same dynamics in the well-mixed case as for the individual patches. If the rates are polynomials in the populations, only if we have linear plus one other power, do we conserve the dynamics.
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